There is a growing interest in the generation and characterization of femtosecond and subfemtosecond pulses from linac-based free-electron lasers (FELs). In this report, we present a simple, single-shot method for measuring the longitudinal bunch profile of ultrashort electron bunches. The method uses a chicane followed by an rf linac and is based on a longitudinal transformation of K.
I. INTRODUCTION
The advent of x-ray free-electron lasers (FELs) is expected to revolutionize the ultrafast x-ray sciences. The realization of the Linac Coherent Light Source (LCLS) [1] , with its capability of generating femtosecond electron and x-ray pulses [2] , opens up vast opportunities for studying atoms and molecules on an unprecedented time scale. FEL configurations with very low beam charges have been proposed that promise even shorter x-ray pulses, down to the attosecond scale [3, 4] . However, tremendous challenges remain in the measurement and control of these ultrashort pulses with sub-femtosecond or even femtosecond precision.
The measurement of the length of ultrashort bunches is an important but challenging topic. Techniques exist for measuring the coherent radiation spectrum of a short bunch in order to reconstruct its temporal profile (see Ref. [5] for a recent excellent example).
Information about the bunch length can also be obtained from the statistical fluctuation of the incoherent radiation intensity [6, 7] . The more direct measurement methods include rf zero-phasing that introduces an energy-to-time correlation [8] and the use of a transverse deflecting cavity that introduces a transverse-to-time correlation [9] . Measurement of the correlated coordinates yields information about the bunch length. The resolution of these different techniques is machine specific, but typically limited to the 100-fs to 10-fs levels (see, e.g., Refs. [8, 10, 11] ). In particular, the compressed low-charge bunches in the LCLS, which are expected to be less than 10 fs in duration, are too short to be measured currently by these standard techniques. In principle, the resolution of the transverse deflecting method can be improved by increasing the deflecting voltage and rf frequency of the transverse cavity.
Recently, a novel longitudinal-to-transverse mapping method using an x-band deflector has been proposed to further improve the temporal resolution to below the 1-fs level [12] .
In this paper, we discuss a simple, single-shot method for measuring the longitudinal bunch profile of ultrashort electron bunches, which uses a chicane followed by an rf linac.
The technique was first suggested in Ref. [13] and developed in Ref. [14] to measure FEL microbunching directly in the time domain for a relatively low-energy superconducting linac.
In this paper, we show that this method can easily be applied to linac-based FELs such as the LCLS; one needs only to (1) slightly adjust the final bunch compressor strength and (2) run the beam on the zero-crossing phase in the linac that follows. This method is insensitive to the initial beam energy spread or chirp and normally requires no extra FIG. 1: Schematic setup for short bunch measurement using a chicane and an rf linac. The diagnostic chicane can actually be part of BC2, with its total strength changed to R 56 +R 56 .
hardware (e.g., a high-frequency deflecting cavity) in a linac-based FEL. The effect of the wakefield in the linac must be included in the compressor adjustment in order for the final energy spread to correspond directly to the bunch length that we are trying to measure. We analytically derive the set-up for this measurement technique and demonstrate its feasibility with simulations of the LCLS in low-charge mode. When used in conjunction with a highresolution spectrometer, this method potentially reveals the temporal profile of the electron beam down to the femtosecond and sub-femotsecond scale.
II. APPLICATION OF THE METHOD
In a typical x-ray FEL such as the LCLS, after the electron bunch is compressed in the final bunch compressor (that we call BC2 at the electron energy E 2 = γ 2 mc 2 ), there is a final linac section (that we call L3) to accelerate the beam to the desired final energy. In addition to the nominal machine configuration, we add a diagnostic chicane right after BC2 and run the beam in the L3 linac on the rf zero-crossing phase (where there is no net acceleration).
We sketch the setup in Fig. 1 . Nominal setup parameters are given in black type, those changed for measurement mode are in red and have an over-bar. In this paper, we choose a longitudinal coordinate system such that the head of the bunch is at z < 0. A chicane has R 56 < 0 with this convention.
Suppose the additional chicane strength isR 56 , and the rf-induced linear chirp in L3 is
where λ rf is the rf wavelength, V 3 the maximum accelerating voltage of L3, and ± refers to the two rf zero-crossing phases. Then longitudinal phase space is transformed between BC2 end and L3 end according to
where z 3 andz 3 are the longitudinal bunch coordinates after BC2 and the diagnostic chicane, δ 2 andδ 3 are the relative energy coordinates at the end of L2 and L3, respectively (see Fig. 1 ). To have a one-to-one correspondence between z 3 and the final energy coordinatē
Hence, the final energy coordinate is independent of the initial energy coordinate to first order, and we have
Thus the final energy profile of the beam is a scaled image of its temporal profile after BC2, and an energy spectrum measurement yields the bunch profile. In a typical x-ray FEL, the L3 accelerating voltage can be larger than the BC2 energy by more than a factor of 2. For the LCLS S-band accelerators with λ rf = 10.5 cm, this yields |h 3 | ≥ 100 m −1 for a beam running on the rf zero-crossing phase (h 3 > 0 forR 56 < 0). In order to measure an ultrashort electron bunch with σ z3 = 1 µm (e.g., a possible value in the LCLS low-charge mode after BC2 [2] ), the final energy spread after this transformation becomesσ δ3 = |h 3 |σ z3 ∼ 1 × 10 −4 , requiring a high-resolution spectrometer to resolve. In comparison, the rf zero-phasing technique [8] requires that the rf-induced energy spread |h 3 |σ z3 be larger than the intrinsic beam energy spread σ δ2 , a condition that cannot be satisfied for σ z3 ≤ 10 µm since typically we have σ δ2 ≥ 1×10 −3 . The method described here is more sensitive than the zero-phasing technique because the use of the additional chicane results in a longer bunch in the zero-crossing linac section.
We note that the addition of a diagnostic chicane is only conceptual; one can simply increase the strength of BC2 to perform the measurement. It is also possible to reduce the BC2 R 56 strength by |R 56 | instead of increasing it, equivalent to a diagnostic dispersion section withR 56 > 0. In this case, the L3 phase needs to be set at the other zero-crossing phase (where h 3 < 0), so that the relation h 3R56 = −1 can still be satisfied.
The method proposed here is attractive because it does not require additional hardware beyond what already exists in a linac-based FEL. (We assume, however, that a highresolution spectrometer is available at the end of the linac.) The method also provides single-shot bunch length and shape measurement capabilities. For x-ray FELs driven by higher-frequency rf linacs (C-band or X-band), the final chirp amplitude |h 3 | would be increased by a factor of 2 or 4, which would further enhance the temporal resolution of this
method. An important effect that has not been included in the calculations so far is that of the linac wakefield in L3, an effect that will be addressed in the following section.
III. WAKEFIELD COMPENSATION
The longitudinal wakefield of the linac L3 induces an additional energy spread in the electron bunch. For L3, let L be the total length, a the average iris radius of the accelerating structure, s 0 the characteristic length of the wakefield [15] , andσ z3 the rms bunch length.
Note thatσ z3 , the rms bunch length after the diagnostic chicane in measurement mode, in general will be very different than σ z3 , the rms bunch length we are trying to measure (see Fig. 1 ). The wake-induced relative energy change at bunch length coordinatez 3 is [15]
where W (z) is the point charge wake function, c the speed of light, and n(z) the longitudinal bunch distribution with normalization
is the total number of electrons in the bunch). Under the condition
we can use the limiting value of the steady-state wake for periodic structures:
Here Z 0 = 377 Ω. The first inequality says that the length of structure L is much larger than the catch-up distance a 2 /(2σ z3 ), and the transient behavior of the wake can be ignored.
Inserting Eq. (7) into Eq. (5), we obtain
with the classical electron radius r e = 2.82 × 10 −15 m. The average energy change per electron isδ
and the wake-induced rms energy spread in the bunch is given by
We emphasize that Eqs. (9) and (10), which apply for a very short bunch, are independent of bunch length and shape. For the LCLS L3, we have a = 11.63 mm, L = 553 m, s 0 = 1.5 mm [15] , and the typical bunch length after the diagnostic chicane isσ z3 ∼ 10 µm ≪ s 0
for the 20-pC-charge bunch (see next section for details). The catch-up distance for the linac wakefield is then a 2 /(2σ z3 ) ∼ 7 m ≪ L, and hence the steady-state wake is a good approximation here. Thus, both inequalities in Eq. (6) are well-satisfied for the parameters of interests here. Equation (10) predicts that the wake-induced energy spread is 2 × 10 −4 at 4.3 GeV (for N = 1.25 ×10 8 ), comparable to the size of energy spread we need to measure in order to find the bunch length σ z3 . However, the wake-induced energy spread is correlated with the longitudinal bunch coordinate and can be compensated by a proper adjustment of compression setting, as we will now show.
Following Eq. (2) with the requirement 1 + h 3R56 = 0, we add the wake-induced energy change to the final energy coordinate as
We can also relate
where z 2 and δ 1 = ∆E 2 /E 2 are the initial bunch length coordinate and relative energy deviation at the beginning of the L2 linac section, and h 2 is the linear chirp induced by L2 (see Fig. 1 ). When the L2 phase is set to φ 2 (here phase is defined with respect to the rf crest), and the L2 energy gain is much larger than the initial beam energy, we have
If we now shift the L2 phase slightly from φ 2 to φ s 2 , but without significantly affecting the BC2 energy, then the longitudinal phase space coordinates after BC2 become
where h s 2 is the L2-chirp corresponding to phase φ s 2 . With help from Eqs. (11), (12), and (14), the corresponding energy coordinate at the end of L3 becomes
where ∆h 2 = h s 2 − h 2 is the shift in L2 chirp, which can be set so that the second term of the last expression cancels the wake-induced energy chirp δ w .
For a uniform longitudinal bunch profile, we have n(z) = N/(2 √ 3σ z ) for |z| ≤ √ 3σ z and n(z) = 0 for |z| > √ 3σ z , and Eq. (8) yields a linear wake-induced energy change along the bunch coordinate
From Eq. (2) and (14), we also havē
if we neglect the small energy term δ 1 in Eq. (14) . With the same approximation, we havē
, where σ z2 is the rms bunch length in L2. Therefore, Eq. (16) becomes
where we have changed the sign in front of the second term because 1 + h s 2 (R 56 +R 56 ) < 0. The first term on the right side of Eq. (18) is a constant (the average wake energy loss); the second term is proportional to z 2 and can be made to cancel the term h 3 ∆h 2 R 56 z 2 in Eq.
(15). The condition for cancelation is
Here the last equality is obtained using Eq. (10), and the absolute value of h 3 appears in order to include the other zero-crossing possibility (with h 3 < 0 but with the position of bunch head and tail interchanged 
Thus, the bunch length change introduced by the additional chirp in L2 induces an additional rf energy chirp in L3 that cancels the wakefield contribution. Although Eq. (19) is derived for a uniform current profile, the wake compensation also work well for actual current distributions, as will be demonstrated by simulations in Sec. IV.
Combining Eqs. (13) and (19), we find the correct L2 phase shift to compensate the wake
where I 2 /I A = r e N/( √ 2πσ z2 ) is the peak current in L2 (for a Gaussian bunch) in terms of the Alfvén current I A = 17045 A. Thus, the shift in L2 phase is independent of the bunch length σ z3 that we are trying to measure.
Since the BC2 strength is already required to be changed byR 56 in order to use this technique without the use of an additional chicane, an even simpler way to compensate the wakefield effect is to again change R 56 instead of φ 2 . The required shift in R 56 can be similarly calculated as (again assuming δ 1 in Eq. (14) is small)
where we have used the BC2 compression condition h 2 R 56 ≈ −1 to simplify the last expression. Therefore, in order to measure the compressed bunch length after BC2 under the nominal operating R 56 , we can increase the BC2 strength by |R 56 + ∆R 56 | according to Eqs. (3) and (22) Table I ). In the LCLS, between the rf gun and the undulator, there are linacs and bunch compressors in the sequence:
Linac-0, Linac-1, BC1, Linac-2, BC2, Linac-3. The rms bunch length in Linac-0 is ∼ 270 µm, and the rms slice energy spread (in the central part of the bunch) is ∼ 3 keV. The
Linac-1 and BC1 parameters are the same as in Table 1 of Ref. [10] and are not given here.
The maximum total rf accelerating voltage in L3 (Linac-3) is ∼ 10 GV (see Table I Figure 2 (a). The L2 phase is set at
• here so that the bunch is under-compressed after the nominal BC2, with the rms bunch length ∼ 0.97 µm. Longitudinal phase space after L3 is shown in Fig. 2(b) . In this example, we have turned off the L3 wakefield to first illustrate the basic idea. We see that the energy profile is a mirror image of the bunch shape. The rms bunch length can be deduced from σ z3 ≈σ δ3 /|h 3 | = 0.013%/(139 m −1 ) = 0.94 µm.
We now vary the L2 phase, thus changing the bunch length after BC2, and see how well our measurement technique continues to work. Figure 3 shows the simulated rms bunch length in fs (i.e., σ z3 /c) after the nominal BC2 (blue diamonds), as well as the "measured" • in L2 phase recovers the agreement (black circle). In the LCLS case, a coherent radiation detector after BC2 is used to monitor the bunch length; it can determine the L2 phase corresponding to full compression to ±0.2
• precision [17] . Thus, the necessary L2 phase shift can also be obtained empirically by comparing the energy spread minimum with the CSR signal maximum after BC2. This can be used as an independent check on wake compensation calculation. The small discrepancies between the "measured" and the "true" bunch lengths in Fig. 3 may be due to the nonlinear chirp introduced by the linac wakefield, which is beyond the approximations of Eq. (21).
One can also compensate the wakefield effect by shifting R 56 of BC2 as given in Eq. (22) .
Using the same numerical example, we compute ∆R 56 ≈ −0.9 mm. Thus, the total increase in BC2 strength is |R 56 + ∆R 56 | = 7.18 + 0.9 = 8.08 mm without any additional chicane.
With the new BC2 R 56 = −32.78 mm, we scan the L2 phase and find that the "measured" bunch length (energy spread after L3 divided by |h 3 |) agrees well with the "true" bunch length in these simulations (Fig. 4) . 
B. Elegant simulations
We use the six-dimensional Elegant tracking code [18] to include the effects of incoherent and coherent synchrotron radiation (CSR) in bends and longitudinal space charge (LSC) in linacs because they may also distort the energy spread measurement. The LCLS second dogleg spectrometer resolution is ∼ 2 × 10 −4 [19] , and hence is not able to resolve the 1 µm rms bunch length that motivates this work. SLAC's end-of-linac to target transfer line (the so called A-line) has a very large dispersion at the mid-point of a 24.5 degree arc [20] , and it is planned to deliver the LCLS beams there for high-energy physics detector research We emphasize that the transverse effects and realistic bunch profiles are all included in the Elegant simulations shown here. and 7(c), respectively. The bunch length is increased in the A-line so the CSR effects there are negligible. The current profile projected on PR18 is shown in Fig. 7(d) (red curve), in good agreement with the simulated energy and current profiles (green and blue curves in Fig. 7(d) ).
Finally, Fig. 8 gives the rms bunch lengths as functions of the L2 phase. We see good agreement between the real and "measured" bunch lengths, with the "measured" ones ∼ 10% higher than the real ones. Simulations done with the opposite sign ofR 56 and +90
• L3 zerocrossing phase yield very similar results. We conclude that a profile monitor in the highdispersive location of the A-line can resolve the femtosecond electron bunches generated by the LCLS accelerator. A more fundamental resolution limit is given by nonlinearities in the system. The "virtual" diagnostic chicane has a second-order momentum compaction T 566 ≈ −3R 56 /2 which is not taken into account by Eq. (2) . A rough estimate of this contribution to the temporal resolution is T 566 σ 2 δ2 . For the numerical examples discussed in the previous section, T 566 ∼ 10 mm, σ δ2 ∼ 1 × 10 −3 , and hence T 566 σ 2 δ2 ∼ 10 nm or 30 attosecond. The linac wakefield also adds a nonlinear energy chirp that can distort the measured energy profile as compared to the current profile.
Although only LCLS examples are considered in this paper, we expect that this shortbunch measurement technique is equally applicable to other linac-based FELs. For example, FERMI FEL at Sincrotrone Trieste has an energy spectrometer at the end of its linac with a relative energy resolution 2.5 × 10 −5 [21] , similar to the level discussed here. As mentioned earlier, this method will be more effective for FELs driven by higher-frequency rf linacs (that generates more chirp and energy spread), such as the SPring-8 XFEL [22] and SwissFEL [23] that use C-band linacs, albeit with increased linac wake strength. It may also be applicable to the European XFEL with L-band accelerators [24] since there the final linac is very long, and the wakefield is smaller than in S and C band linacs. An end-of-linac high-resolution energy spectrometer should be incorporated into these x-ray FELs that expect to use ultrashort electron bunches.
